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FROM THE COARSE GEOMETRY OF WARPED CONES TO
THE MEASURED COUPLING OF GROUPS
KAJAL DAS
Abstract: In this article, we prove that if two warped cones corresponding
to two groups with free, isometric, measure-preserving, ergodic actions on two
compact manifolds with probability measures are level-wise quasi-isometric, then
the corresponding groups are uniformly measured equivalent (UME). It was ear-
lier known from the work of de Laat-Vigolo that if two such warped cones are
level-wise QI, then their stable products are QI. We strengthen this result and go
further to prove UME of the groups. However, Fisher-Nguyen-Limbeek proves
that if the warped cones corresponding to two finitely presented groups with no
free abelian factors are QI, then there is an affine commensuration of the two
actions. Our result can be seen as an extension of their result in a sense in the
setting of infinite presentability under some extra assumptions.
Mathematics Subject Classification (2010): 20F69, 20F65, 20L05, 22C05,
22E15, 22D55, 37A15, 37A20, 51F30.
Key terms:: Warped cones, Box spaces, Quasi-isometry, Measured equiv-
alence, Uniformly measured equivalent, Gromov-Hausdorff-Prokhorov conver-
gence, Yeh-Wiener measure.
1. Introduction
Warped cones are geometric objects introduced by J. Roe and associated to a
free minimal measure preserving action of a finitely generated group on a com-
pact manifold with a probability measure. This geometric object encodes the
geometry of the Cayley graph of the group, the geometry of the manifold and
the dynamics of the group (see Subsection 1.3 for the definition). This geometric
object appears in the context of Coarse Baum-Connes conjecture and expander
graphs. Building on the works of G. Yu, it can be shown that the warped cones
associated with an amenable group provide examples of metric spaces which sat-
isfy Coarse Baum-Connes conjecture ([Yu00] ). On the other hand, using the
works of Drinfeld-Margulis-Sullivan, we can provide examples of warped cones
associated with Property (T) groups whose discretizations at each of the level
sets give examples of expander graphs ([Mar80],[LV19]). Moreover, there is an
equivalence between analytic properties of the groups and geometric properties
of the warped cones. The details of these results can be found in Subsection 1.4.
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However, there is a parallel connection of warped cones with Box spaces. A
box space is a geometric object associated with a finitely generated residually
finite group. Let (G, S) be a finitely generated residually finite group with a
symmetric generating set S and {Gn}n∈N be a decreasing sequence of finite index
normal subgroups of G whose intersection is trivial. We consider the Cayley
graph structure on G arising from the generating set S. We push-down this
Cayley graph structure on (G/Gn, S¯n), where S¯n is the image of S in G/Gn
under the quotient map. The box space of G w.r.t. {Gn}n∈N is defined as the
disjoint union of ⊔n∈NG/Gn and denoted by GnG. We can give a metric on
a box space as follows: We consider the Cayley graph metric on each of G/Gn
and we assign a metric on the union such that the distance between two distinct
copies G/Gn and G/Gn+k tends to infinity as n → ∞. It has been observed
in Khukhro-Valette that if two box spaces are quasi-isometric, the the groups
are quasi-isometric ([KV17] ). Later, the author has generalized this result to
uniform measured equivalence: if two box spaces are quasi-isometric, then the
groups are uniformly measured equivalent ([Da18] ). Motivated by the result of
Khukhro-Valette, de Laat-Vigolo proves the following theorem for warped cones:
Theorem 1.1. ([LV19] ) Let Γ and Λ act freely and isometrically on compact Rie-
mannian manifolds (M, dM) and (N, dN) , respectively. Suppose OΓM and OΛN
are the Warped cones associated to (M, dM) and (N, dN), respectively. Suppose
there exists a family {Φt : M t → N t}t≥0 of (K,C)-QI between OΓM and OΛN ,
respectively, for some K ≥ 1 and C ≥ 0. Then, Γ×Zm and Λ×Zn are (K,C)-QI,
where m = dimM and n = dimN .
Motivated by the above-mentioned result of the author on Box space [Da18],
P. Nowak and D. Sawicki asked the author whether we can prove an analogous
result of de Laat-Vigolo in the setting of uniform measured equivalent. In this
article, we affirmatively answer this question under some extra assumptions.
Theorem 1.2. (Main Theorem) Let Γ and Λ be two finitely generated groups
which are acting on (M, dM , µM) and (N, dN , µN), respectively, by free, isometric
and probability measure preserving ergodic actions. Assume that µM and µN
are absolutely continuous w.r.t. the Lebesgue measure when they are restricted
to the Euclidean charts. Suppose there exists a family {Φt : M t → N t}t≥0 of
continuous (K,C)-QI between the Warped cones OΓM and OΛN , respectively,
for some K ≥ 1 and C ≥ 0. Moreover, we assume that Φt maps the orbits of M t
to the orbits of N t. Then, Γ and Λ are uniformly measured equivalent.
We remark that the assumptions of ‘continuity’ and ‘preservation of orbits’ for
the family quasi-isometries Φt is very natural in the category of warped cones. In
case of ‘box spaces’, a quasi-isometry map between nth level of two box spaces is
automatically continuous. On the other hand, since a group acts transitively on
its quotient groups, a quasi-isometry map between nth level of two box spaces
preserves the orbits. Moreover, we remark that our result can be seen as an
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extension of the following result by Fisher-Nguyen-Limbeek [FNL19] in the setting
of infinite presentability under some extra assumptions.
Theorem 1.3. [FNL19] Let Γ and Λ be finitely presented groups acting isomet-
rically, freely and minimally on compact manifolds M and N (respectively). As-
sume that neither of Γ and Λ is commensurable to a group with a non-trivial free
abelian factor. Suppose that the warped cones associated with the actions ΓyM
and Λ y N are quasi-isometric. Then there is an affine commensuration of the
two actions.
1.1. Acknowledgements. I would like to thank Piotr Nowak and Damian Saw-
icki for asking me this question (Theorem 1.2). I would like to thank Romain
Tessera for some helpful suggestions. This project has received funding from the
European Research Council (ERC) under the European Union’s Horizon 2020
research and innovation programme (grant agreement no. 677120-INDEX) ( pro-
vided by Piotr Nowak).
This article has used many ingredients from the author’s another paper [Da18].
Since we use the same arguments from Proposition 4.1, Lemma 4.2, Proposition
4.1, Proposition 4.4, Proposition 4.5, Lemma 4.7 of [Da18], there are some over-
laps with this paper. We reproduce the proofs here since the lemmas and the
propositions are in the context of warped cones and to make the paper self-
contained.
1.2. Organization. In Section 2, we introduce our necessary definitions, nota-
tions and abreviations. In Section 3, we construct a ‘topological coupling space’
for the groups (Subsection 3.5). In Section 4, we give a non-zero measure on the
topological coupling space which is invariant under the actions of both groups,
i.e., we make the topological coupling space into a measured coupling space.
Finally, in Section 5 we prove our main theorem 1.2.
1.3. Warped Cones. Let X be a compact metric space with metric d, and
for every t ≥ 1. Consider the Euclidean cone Cone(X) over X , which can be
identified as a set with X× [1,∞). At the t-th level, X×{t}, the rescaled metric
dt is defined as follows: dt
(
(x, t), (y, t)
)
= td(x, y) denote the rescaling of the
metric. Given an action : Γy (X, d) by homeomorphisms, we define the t-level
of the warped cone as the metric space (X, ρtΓ) where ρ
t
Γ is the warped distance,
i.e. the largest metric satisfying
1. ρtΓ(x, y) ≤ d
t(x, y) for all x, y ∈ X ,
2. ρtΓ(x, γ · x) ≤ ‖γ‖ for all x ∈ X and γ ∈ Γ,
where ‖γ‖ denotes the word-metric with respect to a generating subset S of Γ.
Note that the definition depends on the choice of the generating set S. However,
the coarse structure induced by the warped metric does not depend on the gen-
erating sets. We denote the Warped cone by OΓX and t-th level of the Warped
cone by (X t, ρtΓ).
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Remark 1.4. Since Coarse Baum-Connes conjecture is concerned about bounded
geometry metric spaces and the isometric action of groups give rise to bounded
geometry warped cones (see Proposition 1.10, [Ro05] ), in this article we mostly
consider warped cones with isometric group action.
1.4. Some interesting examples of warped cones.
1. Let Y be a compact manifold (or finite simplicial complex) and let Γ be
an amenable group acting by Lipschitz homeomorphisms on Y . Then
the warped cone OΓ(Y ) has property A of G. Yu (Cor. 3.2 [Ro05]) .
Conversely, suppose that the warped cone OΓ(G), has property A, where
Γ is a dense subgroup of compact Lie group G. Then Γ is amenable
([Ro05]). For a generalized version of this result, see [SW19].
2. Suppose that the warped cone OΓ(G), as defined above, is uniformly
embeddable in Hilbert space. Then Γ has the Haagerup property . In
particular, if Γ has property T, thenOΓ(G) cannot be uniformly embedded
in Hilbert space ([Ro05]). For a generalized version of this result, see
[SW19].
3. Some expander graphs ( or super-exapnder graphs) can be constructed
using warped cone. Sullivan and Margulis prove that SO(n, Z[1/5]) (n >
4) is a Property (T) group embedded densely inside the compact Lie
group SO(n). We consider the warped cone associated with the natural
action of SO(n, Z[1/5]) on SO(n) ( with a bi-invariant metric and the
Haar measure). If we take graph-approximations of each t-th level, this
sequence of graphs will be an expander sequence ( or an super-expander
sequence). [LV19]
2. Preliminaries: some definitions, notations and abreviations:
2.1. Quasi-isometry. Let X and Y be two metric spaces. A map f : X → Y
is said to be a (K,C)-quasi-isometry, where K ≥ 1, C ≥ 0, if the following
conditions are satisfied:
• dX(x1,x2)
K
− C ≤ dY
(
f(x1), f(x2)
)
≤ KdX(x1, x2) + C for all x1, x2 ∈ X ;
• the image f(X) is C-dense in Y , i.e., for any y ∈ Y there exists a x ∈ X
such that y is inside the C-radius ball of f(x).
2.2. Measured Equivalence. In [Gr93] (p. 6), Gromov first formulates a topo-
logical criterion for quasi-isometry and introduces measured equivalence as a mea-
sure theoretic counterpart of quasi-isometry. In [Sh04], Shalom slightly modifies
the ‘topological coupling space’ constructed by Gromov. We will mainly follow
Shalom’s construction of ‘topological coupling’ in our proof. For countable groups
Λ and Γ, there exists a coarse embedding φ : Λ→ Γ if and only if there exists a
locally compact space X on which both Λ and Γ act properly and continuously
with a compact-open fundamental domain XΓ of Γ in X and the actions of Γ and
Λ commute. Replacing Γ with a direct product Γ×M for some finite group M ,
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we can assume that there exists a compact-open fundamental domain XΓ for Γ
satisfying XΓ ⊆ XΛ, where XΛ is a Borel fundamental domain of Λ. Moreover,
φ will be a coarse equivalence between Γ and Λ if and only if after replacing Γ
with a direct product Γ×M for some finite group M , there exists a topological
space X with the following three properties: (i) both Λ and Γ act continuously,
properly and freely on X ; (ii) there exist fundamental domains XΓ and XΛ, for Γ
and Λ respectively, which are compact and open; (iii) XΓ ⊆ XΛ ([Sh04], Theorem
2.1.2, p. 129). The space X is called a topological coupling space for Γ and Λ.
Uniform Measured Equivalence(UME) is a sub-equivalence relation of ‘Measure
Equivalence’ on finitely generated groups introduced by Shalom in [Sh04]. Two
countable discrete groups Γ and Λ are called Measured Equivalent(ME) if they
have commuting measure preserving free actions on a Borel space (X, µ) with
finite measure Borel fundamental domains, say XΓ and XΛ, respectively. The
space (X, µ) is called a ‘measured coupling space’ for the groups Γ and Λ. If,
moreover, the action of an element of one group, say Γ, on the fundamental
domain of another group, say XΓ, is covered by finitely many Λ-translates of XΛ,
then these two groups are called UME.
2.3. Gromov-Hausdorff convergence. We now define Gromov-Hausdorff con-
vergence (GH convergence) of compact metric spaces. We first need to define
some terms before going into the definition of GH convergence. Suppose X and
Y are two metric spaces and f : X → Y is a map. We define the ‘distortion’ of
f by the following quantity:
disf := sup{x1,x2}|dY (f(x1), f(x2))− dX(x1, x2)|.
f : X → Y is called an ǫ-isometry for some ǫ ≥ 0 if disf ≤ ǫ and Y is an
ǫ-neighborhood of f(X). We sometimes say that ‘f(X) is ǫ-dense in Y ’ if Y is an
ǫ-neighborhood of f(X). There are several equivalent formulations of Gromov-
Hausdorff convergence of compact metric spaces, we choose the following one for
our purpose (see[BBI01], p. 260): A sequence {Xn} of compact metric spaces
converges to a compact metric space X if there is a sequence {ǫn}n∈N of positive
numbers and a sequence of maps fn : Xn → X such that every fn is an ǫn-isometry
and ǫn → 0 as n→∞. (see [Gr99],[Da18])
3. Construction of a topological coupling between Γ and Λ
3.1. Preservation of orbits of the QI maps and QI of the groups.
Proposition 3.1. We fix m0 ∈ M . Under the assumptions of Theorem 1.2,
there exists a quasi-isometry φ : Γ → Λ and two sequences of positive numbers
{rn} and {tn} such that Φ
tn(γm0) = φ(γ)Φ
tn(m0) for all γ with ‖γ‖ ≤ rn and
φ|BΓ1 (rn) = φ
tn |BΓ1 (rn).
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Proof. Since Φt preserves the orbit Γm0, there exists φ
t : Γ → Λ such that
Φt(γm0) = φ
t(γ)Φt(m0) for all γ ∈ Γ. We fix r > 0. From Theorem 5.8 of [LV19]
( or Theorem 1.1 of this article ) , we obtain that there exists t(r) > 0 such that,
for all t > t(r), BM
t
m0 (r) is isometric to B
Γ×Rm
(1,0) (r) , B
Nt
Φt(m0)
(Kr + C) is isometric
to BΛ×R
n
(1,0) (Kr + C) and the following diagram commutes
BΓ×Z
m
(1,0) (r)(⊂ Γ× R
m)
BM
t
m0
(r)(⊂M t) BN
t
Φt(m0)
(Kr + C)(⊂ N t)
BΛ×R
n
(1,0) (Kr + C)(⊂ Λ× Z
n)
Φ
⋍ (isometric embedding)
Φt
⋍ (isometric embedding)
It easily follows from the commutative diagram that φt : BΓ1 (r)→ B
Λ
1 (Kr+C) is
a (K,C)-QI for all t ≥ t(r). Now, using Cantor’s diagonal argument, there exist
two sequences of positive numbers {rn} and {tn} and a quasi-isometry φ : Γ→ Λ
satisfying the requirement of our proposition. 
Remark 3.2. Sometimes, we denote this construction by the following notation :
{Φt}t≥0 → Φ
3.2. The construction of the topological coupling. We fix m0 ∈ M as
before. We define
C(M t, N t, m0,Φ
t) = {Ψ :M t → N t | Ψ is continuous,Ψ(m0) = Φ
t(m0)
Ψ preserves the orbit Γm0}
For r > 0, we define X t, where t > t(r) , in the following way.
X t = {Ψ : (M t, ρtΓ)→ (N
t, ρtΛ) | Ψ is continuous (K,C)−QI,Ψ(m0) = Φ
t(m0)
Ψ preserves the orbit Γm0}
and
W = {Ψ : Γ× Zm → Λ× Zn | Ψ is (K,C)−QI,Ψ(1, 0) =
(
1, 0
)
Ψ(γ, 0) = (ψ(γ), 0) ∀γ, ψ is(K,C)−QI}
However, we endow C(M t, N t, m0,Φ
t) and W with compact-open topology. X t
and W are metrizable with the following metric δt and δ∞, respectively:
δt(g, h) := 2−sup{R : g and h are identical on R-radius ball in M
t around m0}.
Similarly, we define the metric δ∞ on W . Moreover, we introduce another metric
δ˜t on C(M t, N t, m0,Φ
t) in the following way:
δ˜t(Ψ,Ξ) := inf{ǫ ≥ 0 | µtM(A) < ǫ, δ
t(Ψ|Ac ,Ξ|Ac) < ǫ}
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In next subsection, we define a Γ-action on X t
3.3. Construction of Γ-action on X t. For given K ≥ 1, C > 0 and m0 ∈M
t,
we define Γ-action on X t by the following map Mγ : X
t → X t:
[Mγ(Ψ
t)](m) := [ψt(γ−1)]−1Ψt(γ−1m)
for all m ∈M t, where ψt : Γ→ Λ is the map obtained in Proposition 3.1.
However, there is a natural action of Γ on W in the following way. First
we consider the action of Γ (resp. Λ) on Γ× Zm (resp. Λ × Zn ) by taking left-
multiplication on the first component and trivial action on the second component.
Now, we define Γ and Λ-action on W by taking pre-multiplication and post-
multiplication, respectively. Now, we define Γ-action on W by the map Mγ :
X t → X t defined as
[Mγ(Ψ)](γ
′, x) := [ψ(γ−1)]−1Ψ(γ−1γ′, x),
where (γ′, x) ∈ Γ × Zm. We will construct a topological coupling Z(⊆ W ) for
Γ and Λ. We will take the Gromov-Hausdorff limit of the collection of metric
spaces {X t}t≥0 (possibly after passing to a subsequence) and identify the limit
with a Γ-invariant compact subset X∞ of Y (Proposition 3.3), which will turn
out to be a fundamental domain for Λ, and we will define the new ‘measured
coupling space’ as Z = ΛX∞.
3.4. Construction of the limiting space X∞.
Proposition 3.3. {X t}t>>0 converges to a Γ-invariant compact subspace X
∞ of
W in Gromov-Hausdorff topology.
We prove the proposition along the same line of arguments given for the proof
of Proposition 4.1 of [Da18]. Although these two proofs are almost similar, we
repeat the arguments because the metric space X t is different here and the proof
will make the article self-contained. We refer the reader to Subsection 2.3 for
the definition of Gromov-Hausdorff topology. Before going into the proof of
Proposition 3.3, we prove the following lemmas.
Lemma 3.4. The collection {X t | t ≥ 0} of compact metric spaces is ‘uniformly
totally bounded’, i.e.,
• there is a constant D such that diam (X t) ≤ D for all t ≥ 0;
• for all ǫ > 0 there exists a natural number N = N(ǫ) such that every X t
contains an ǫ-net consisting of at most N points.
Sometimes, this type of collection {X t | t >> 0} is also called ‘relatively compact’
in Gromov-Hausdorff metric.
Proof. Fix ǫ > 0. We choose an arbitrarily large integer R such that 2−R < ǫ.
Since diamX t ≤ 1 for all t, the first criterion is trivially satisfied. We now prove
the second criterion. We construct a map
ht : X
t → F
(
BΠ
t
R (m0), B
Σt
KR+C
(
Φt(m0)
))
defined by ξ 7→
⌊
ξ|BΠt
R
(m0)
⌋
,
8 DAS
where F
(
BΠ
t
R (m0), B
Σt
KR+C
(
Φt(m0)
))
is the collection of all maps from
BΠ
t
R (m0)
(
BΓ1 (R)× the canonical integer lattice inside the ball B
M t
R (m0) and
passing through m0
)
to BΣ
t
KR+C
(
f t(m0)
) (
BΛ1 (KR + C)× the canonical integer
lattice inside the ball BN
t
KR+C
(
Φt(m0)
)
and passing through Φt(m0)
)
and ⌊·⌋ de-
notes the coordinate-wise floor function. The map is well-defined because the
elements of X t are (K,C)-QI. For all t, we can choose a subset At of X t such
that the restriction of ht on At is one-one and the image of A
t under ht covers
the whole image of X t.
We claim that At is an ǫ-net in X t. Take any ξ in X t. By the definition of At,
there exists an element η ∈ At so that ξ and η belong to the same fiber of the
map ht. Therefore, ξ and η coincides on the ball B
Πt
R (m0), which implies that
dXt(ξ, η) ≤ 2
−R < ǫ. Hence, At is an ǫ-net in X t.
Now, we compute an estimate of the cardinality of the set An. We observe that∣∣∣F(BΠtR (m0), BΣtKR+C(f t(m0)))∣∣∣ ≤ ∣∣BΠtR (m0)∣∣ ∣∣BΣtKR+C(f t(m0))∣∣
≤
(
|SΓ|+ 2m)
R (|SΛ|+ 2n)
KR+C ,
where SΓ and SΛ are two symmetric generating subsets of Γ and Λ respectively.
Therefore, |At| ≤
(
|SΓ| + 2m)
R (|SΛ| + 2n)
KR+C for all t. Hence, {X t}t>>0 is
uniformly totally bounded. 
Lemma 3.5.
{Φt}t≥0 → Φ ⇒ {Mγ
(
Φt
)
}t≥0 →Mγ
(
Φ
)
where Φt ∈ X t, Φ ∈ X∞.
Proof. First, we recall the definition of Mγ(Φ
t) and Mγ(Φ), where Φ
t ∈ X t and
Φ ∈ X . They are defined as follows:
[MγΦ
t](m) = [φt(γ−1)]−1Φt(γ−1m) and [MγΦ](γ
′, x) = [φ(γ−1)]−1Φ(γ−1γ′, x),
where m ∈ M t and x ∈ G. Now, the lemma easily follows from the following
commuting diagram:
γ−1 ·BΓ×Z
m
(1,0) (r)(⊂ Γ× R
m)
γ−1 ·BM
t
m0
(r)(⊂M t) BN
t
Φt(γ−1m0)
(Kr + C)(⊂ N t)
BΛ×R
n
(1,0) (Kr + C)(⊂ Λ× Z
n)
Φ
⋍ (isometric embedding)
Φt
⋍ (isometric embedding)

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Proof of Proposition 3.3: We use the same arguments as given in the proof
of Proposition 4.1 in [Da18]. In the proof of this proposition, we will be using
some ideas of the construction of a limiting compact metric space for a ‘uniformly
totally bounded’ sequence of compact metric spaces (see Theorem 7.4.15, p. 274,
[BBI01]).
Step 1: By Lemma 3.4, there exists a countable dense collection St = {xi,t}
∞
i=1
in each X t such that for every k the first Nk points of S
t, denoted by St(k), form a
(1/k)-net in X t. Without loss of generality, we assume that St(k) ⊂ S
t
(k+1) for all
k ∈ N. Using Theorem1.1 and Cantor’s diagonal argument, after passing through
a subsequence, we obtain that
{xi,t}t≥0 → xi,
for some xi ∈ W and for all i ∈ N. Let S
(k) := {xi | i = 1, . . . , Nk} ⊆W for all k
and S := ∪∞k=1S
(k). We define X := S ⊆ W and X ′ := Γ · S ⊆ W . Since X and
X ′ are closed subsets of the compact set W , both X and X ′ are compact, and
by definition X ′ is Γ-invariant.
Step 2: The distance δt
(
Mγ(xi,t),Mγ′(xj,t)
)
does not exceed 1, i.e., belongs
to a compact interval. Therefore, using ‘Cantor’s diagonal procedure’, we ex-
tract a subsequence of {X t}t≥0 such that after passing through the subsequence
{δt(Mγ(xi,t),Mγ′(xj,t))}t≥0 converges for all i, j ∈ N and for all γ, γ
′ ∈ Γ. More-
over, using Lemma 3.5, after passing through another subsequence, say {tm}m∈N,
we obtain that
{Mγ(xi,t)}t≥0
{tm}m∈N
−−−−−→Mγ(xi)
and
lim
m→∞
δtm
(
Mγ(xi,tm),Mγ′(xj,tm)
)
= δ∞
(
Mγ(xi),Mγ′(xj)
)
,
for all i, j ∈ N and for all γ, γ′ ∈ Γ.
Step 3: We claim that S(2k) is a (1/k)-net in X and X ′. Indeed, every set
St(k) = {xi,t|i = 1, . . . , Nk} is a (1/k)-net in the respective space X
t . Hence, for
every Mγ(xi,t) ∈ Mγ(X
t) there is a j ≤ Nk such that δ
t(Mγ(xi,t), xj,t) ≤ 1/k.
Since Nk does not depend on t, for every fixed γ ∈ Γ and i ∈ N, there is a
j ≤ Nk such that δ
t(Mγ(xi,t), xj,t) ≤ 1/k for infinitely many indices t. Passing
to the limit, we obtain that δ∞
(
Mγ(xi), (xj)
)
≤ 1/k for this j. Thus, S(2k) is a
(1/k)-net in X and X ′ for all k. Moreover, we obtain that X = X ′, which implies
that X is Γ-invariant.
Step 4: Since, by Step 2, δt(xi,tm , xj,tm)→ δ
∞(xi, xj) as m→∞ for all i, j, we
obtain that Stm(k) converges to S
(k) in GH-topology as m→∞ for all k ∈ N. Now,
since Stm is dense in X tm and S is dense in X , we have X tm converges to X∞ in
GH-topology. Hence, we have our proposition. 
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Remark 3.6. Since {X t}t≥0 tends to X
∞ in Gromov-Hausdorff topology, there
exists ǫt-isometry map ft : X
t → X∞, where ǫt → 0 as t→∞.
3.5. Γ-equivariance of ǫ-isometry. We need ‘almost Γ-equivariant’ ξt-isometry
from X t to X∞ to obtain Γ-invariance of the limiting measure. We prove the
existence of such ‘almost Γ-equivariant’ ξt-isometries in the following proposition.
Proposition 3.7. There exist a subsequence {tk}k∈N and ξk-isometries fk : X
tk →
X∞ for all k ∈ N such that supx∈Xtk δ
tk
(
Mγfk(x), fkMγ(x)
)
< ξk for all γ ∈
BΓ1 (r), where ξk → 0 as k →∞.
We follow the same strategy as given in the proof of Proposition 4.5 [Da18].
Before going into the proof of Proposition 3.7, we prove the following lemmas.
Lemma 3.8. The actions of Γ on {X t}t≥0∪{X
∞} are equicontinuous, i.e., γ ∈ Γ
being fixed, for all ǫ > 0 there exists a δ > 0 such that if δt(Φt,Ψt) < δ (resp.
δ∞(Φ,Ψ) < δ), then δt
(
MγΦ
t,MγΨ
t
)
< ǫ (resp. δ∞
(
Mγ(Φ),Mγ(Ψ)
)
< δ),
where δ only depends on γ and ǫ, and δ → 0 as ǫ→ 0.
Proof. We fix γ ∈ Γ and ǫ > 0. Without loss of generality, we assume that
ǫ < 2−‖γ‖. If δt(Φt,Ψt) = 2−R < ǫ for t >> t(‖γ‖), then δt
(
Mγ(Φ
t),Mγ(Ψ
t)
)
≤
2−(R−‖γ‖). Therefore, the lemma follows for {X t|t ∈ [0,∞)} by taking δ = ǫ 2‖γ‖.
The statement for X follows by passing to the limit.

Lemma 3.9. Let k ∈ N and r ∈ N be two fixed numbers. Then, there exists a
subsequence {tm}m∈N such that
⋃
γ∈BΓ1 (r)
Mγ[S
tm
(k)] converges to
⋃
γ∈BΓ1 (r)
Mγ[S
(k)]
in GH-topology and there exists an ǫm-isometry f
(r,k)
m :
⋃
γ∈BΓ1 (r)
Mγ[S
tm
(k)] →⋃
γ∈BΓ1 (r)
Mγ[S
(k)] for all m such that f
(r,k)
m |Stm
(k)
is BΓ1 (r)-equivariant, i.e.,
f
(r,k)
m (Mγxi,tm) =Mγ[f
(r,k)
m (xi,tm)] for all γ ∈ B
Γ
1 (r) and for all i ∈ {1, . . . , Nk},
and ǫm → 0 as m→∞.
Proof. This lemma can be compared to Lemma 4.7 of [Da18]. We use the same
arguments to prove this Lemma. We reproduce the proof again to make the
article self-contained. First, using the argument as given in Step 2 of the proof
of Proposition 3.3 and after passing through a subsequence, we have
{Mγ(xi,tn)}n∈N
{tn}n∈N
−−−−→Mγ(xi) and lim
n→∞
δt
(
Mγ(xi,t),Mγ′(xj,t)
)
= δ∞(Mγxi,Mγ′xj),
for all i, j ∈ {1, . . . , Nk} and for all γ, γ
′ ∈ BΓ1 (r). We fix γ ∈ Γ and i ∈
{1, . . . , Nk}. If Mγ(xi,t) ∈ S
t
(k) for infinitely many t > 0, we find a subsequence
{tu}u∈N and xj,tu ∈ S
(k)
tu such thatMγ(xi,tu) = xj,tu for some j ∈ {1, . . . , Nk} and
for all u ∈ N. Therefore, we have
{Mγxi,tu = xj,tu}u∈N
{tu}u∈N
−−−−→Mγxi = xj .
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If this is not the case, we obtain another subsequence {tv}v∈N such thatMγxi,tv /∈
S
(k)
tv for all v ∈ N. By Lemma 3.5, we obtain a subsequence {tw}w∈N of {tv}v∈N
such that
{Mγ(xi,tw)}w∈N
{tw}w∈N
−−−−−→Mγ(xi).
Applying the above procedure inductively on the elements of γ ∈ BΓ1 (r) and
i ∈ {1, . . . , Nk}, we obtain a subsequence {tm}m∈N such that
{Mγxi,t}t≥0
{tm}m∈N
−−−−−→Mγxi and lim
m→∞
δtm(Mγxi,tm ,Mγ′xj,tm) = δ
∞(Mγxi,Mγ′xj),
for all γ, γ′ ∈ BΓ1 (r) and for all i, j ∈ {1, . . . , Nk}. We define
f (r,k)m :
⋃
γ∈BΓ1 (r)
Mγ[S
(k)
tm ]→
⋃
γ∈BΓ1 (r)
Mγ[S
(k)]
by mapping Mγxi,tm 7→ Mγxi. This is crucial to observe that f
(r,k)
m is a well-
defined map. Now, since δtm(Mγxi,tm ,Mγ′xj,tm)
m→∞
−−−→ δ∞(Mγxi,Mγ′xj), there-
fore f
(r,k)
m is an ǫm-isometry for some ǫm > 0, where ǫm → 0 as m→∞. 
Proof of Proposition 3.7: Using Lemma 3.9 and Cantor’s diagonal procedure,
we obtain a subsequence {tk}k∈N and ǫk-isometry
fk :
⋃
γ∈BΓ1 (k)
Mγ[S
tk
(k)](⊂ X
tk)→
⋃
γ∈BΓ1 (k)
Mγ[S
(k)](⊂ X)
such that ǫk → 0 as k →∞. Without loss of generality, we assume that ǫk < 1/k
for all k ∈ N. Fix k ∈ N and γ ∈ BΓ1 (k). We extend fk onX
tk in the following way
(we denote the extended map by the same symbol fk): Let x ∈ Xtk \B
Γ
1 (k) ·S
tk
(k).
Then, there exists xi,tk ∈ S
t
(k) such that δ
tk(x, xi,tk) < 1/k. We define fk(x) :=
fk(xi,tk). It is easy to observe that the extended map fk is a 3 ǫk-isometry. Let
δk > 0 be the number corresponding to 3 ǫk obtained by Lemma 3.8. Therefore,
δtk(Mγx,Mγxi,tk) < δk and δ
∞
(
Mγfk(x),Mγfk(xi,tk)
)
< δk. Since fk is a 3 ǫk-
isometry, δ∞(fk(Mγx), fk(Mγxi,tk)) < 3 ǫk + δk. Now, we have the following
inequality:
δ∞
(
Mγfk(x), fk(Mγx)
)
≤ δ∞
(
Mγfk(x),Mγfk(xi,tk)
)
+δ∞
(
Mγfk(xi,tk), fk(Mγxi,tk)
)
+δ∞
(
fk(Mγxi,tk), fk(Mγx)
)
.
By Lemma 3.9, δ∞
(
Mγfk(xi,tk), fk(Mγxi,tk)
)
= 0. Therefore, we obtain that
(3.1) δ∞
(
Mγfk(x), fk(Mγx)
)
< 3 ǫk + 2δk.
Hence, we have our proposition by taking ξk = 3 ǫk + 2δk. 
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Corollary 3.10. Using the notations of Proposition 3.7, we have
dHausXtk
(
Mγf
−1
k (A), f
−1
k (MγA)
)
≤ 2ξk
for all γ ∈ BΓ1 (k) and for all subsets A of X, where d
Haus
Xtk
denotes the Hausdorff
distance between two subsets in Xtk .
Proof. Fix y ∈ A. Let z =Mγx ∈ Mγf
−1
k ({y}) and z
′ ∈ f−1k ({Mγy}). Since fk
is a ξk-isometry, we have
dXtk (z, z
′) ≤ ξk + dX
(
fk(z), fk(z
′)
)
.
We observe that fk(z) = fk(Mγx) and fk(z
′) = Mγfk(x). Now, using equation
3.1, we obtain that δtk(z, z′) ≤ 2ξk. Hence, we have our corollary. 
4. From the quasi-isometry of two warped cones to UME of their
corresponding groups
4.1. Construction of Γ-invariant measures on X t. We consider the Borel
sigma algebra Ωt of X t corresponding to the compact-open topology. It is well
known that this sigma algebra is generated by the Borel sets of the following form
ΣB,B′,ǫ := {f :M
t → N t | µM
(
B ∩ f−1(B′)
)
< ǫ},
where B and B′ are Borel sets in M t and N t , repectively. Suppose BΓ1 (r) × C
is a compact subset inside BΓ1 (r) × B
tM
m0
(r) around m0, where C
tM
m0
(r) is the
maximum-volume symmetric cube inside the Euclidean ball BtMm0 (r) with vertices
on the boundary of the ball and t ≥ t(r).
Now, we briefly sketch the construction of the measure before going into the
details. First, we slightly modify X t by modifying the functions Ψt in X t in
the following way: We fix r > 0 , γ ∈ BΓ1 (r), t > t(r) and suppose that ψ
t is
the function associated to Ψt as obtained in Proposition 3.1. Since Ψt : M t →
N t is continuous, Ψt maps the connected set {γ} × BtMγm0(r) of M
t inside the
connected set {ψt(γ)} × BtNψt(γ)Ψt(m0)(Kr + C) of N
t for all γ ∈ BΓ1 (r). We
consider the geodesic segments of length 2r passing through m0 along the co-
ordinate axes ( both in positive and negative directions ) of Tm0(tM). We draw
tubular neighbourhoods with radius ǫ and length 2r around the geodesics.
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Now, we continuously deform the map Ψt in the tubular neighbourhoods such
that it takes the value ψt(γ)Ψt(m0) along the above mentioned geodesic segments
passing through γm0 where γ ∈ B
Γ
1 (r) . We choose the tubular neighbourhood
in a way so that the measures of the tubular neighbourhoods tend to zero as
r →∞ and t→∞. Let Ψ˜t,r be this deformed function and X˜ t,r be the collection
of such deformed functions. It is not difficult to see that (X˜ t,r, δ˜t) also converges
to (X∞, δ∞) in Gromov-Hasudorff topology as r →∞ and t→∞.
We define a measure νt,r on X˜ t,r in the following way: We consider BΓ1 (r) ×
CtMm0 (r). We break each of {γ} × C
tM
m0
(r) into the set of 2m-quadrants Q . Let
I be such a quadrant of {γ} × CtMm0 (r). For being convenient, we consider the
quadrant I consisting of positive co-ordinates inside {1} × CtMm0 (r). Let P
γ,I
(p) =
{0 ≤ xp1 ≤ · · · ≤ x
p
q ≤ · · · ≤ x
p
kp
= a} be a partition of the p-th co-ordinate
of the cube I for all p = 1, · · · , m. The partitions of each co-ordinate will give
rise to a partition of I. We denote this partition by Pγ,I and we define k :=|
P |= k1 · · · km. For all (q1, · · · , qm) ∈ {1, · · · , k1} × · · · × {1, · · · , km}, we define
Sγ,I(q1, · · · , qm) := [x
1
q1
, x1q1−1] × · · · × [x
m
qm , x
m
qm−1]. For a Lebesgue measurable
set Eγ,I = Πkj=1Πλ∈BΛ1 (Kr+C){λ}×E
γ,I
j,λ of [{B
Λ
1 (Kr+C)×C
tN
Φt(m0)
(Kr+C)]k, we
define
F t,r(Pγ,I , Eγ,I) := {f ∈ X˜ t,r |
(
f(x11, · · · , x
m
1 ), · · · , f(x
1
k1 , · · · , x
m
km)
)
∈ Eγ,I}.
(4.1)
We define F t,r(P, E) := ∪γ∈B1Γ(r),I∈QF
t,r(Pγ,I , Eγ,I). The collection of subsets
{F t,r(P, E)} forms a semi-ring of Borel subsets of X˜ t,r. First, we define νt,r on
the semi-ring of Borel sets {F t,r(P, E)}. Then, we extend this measure uniquely
on the ring generated by the semi-ring , and subsequently we extend it to the
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σ-algebra Ωt|X˜t,r by Caratheodory’s extension theorem. We define the measure
on νt,r on F(P, E) using the concept of Yeh-Wiener measure. We directly use
the version given in [Ye63], [Ku68] , except replacing the Lebesgue measures by
abstract measures µM and µN .
Construction of the measure νt,r on X˜ t,r:
We define the measure νt,r
(
F t,r(P, E)
)
by the following equation:
νt,r
(
F t,r(P, E)
)
:=
∑
γ∈BΓ1 (r),I∈Q
K(Pγ,I)
∫
Eγ,I
exp[−W(Pγ,I ,u)]dµN(u),(4.2)
where
K(Pγ,I) :=
1
πk[ΠL∈Pγ,IµM(L)]1/2
,(4.3)
W(Pγ,I ,u) := Σk1q1=1 · · ·Σ
km
qm=1
[∆1 · · ·∆mu(x
1
q1, · · · , x
m
qm)]
2
µM
(
Sγ,I(q1, · · · , qm)
) ,(4.4)
dµN(u) = dµN
(
u(x11, · · · , x
m
1 )
)
· · · dµN
(
u(x1k1 , · · · , x
m
km)
)
(4.5)
∆1 · · ·∆mu(x
1
q1
, · · · , xmqm) :=∆1 · · ·∆m−1u(x
1
q1
, · · · , xpqp, · · · , x
m
qm)
−∆1 · · ·∆m−1u(x
1
q1
, · · · , xpqp−1, · · · , x
m
qm)
for all p = 2, · · · , m,
∆1u(x
1
q1, · · · , x
m
qm) := u(x
1
q1, · · · , x
m
qm)− u(x
1
q1−1, · · · , x
m
qm)
and u(x1q1, · · · , x
p
qp, · · · , x
m
qm) = 0 if qp = 0 for some p.
Asymptotic invariance of the measure νt,r under Mγ:
Lemma 4.1. µM [tM − {B
Γ
1 (r)B
tM
m0
(r)}]→ 0 as r →∞ and t→∞
Proof. For every r > 0, we consider t(r) such that BΓ1 (r) · B
tM
m0 (r) is isometric
to BΓ×R
m
(1,0) (r) for all t ≥ t(r). Since the action of Γ on M is ergodic, we have
∪γ∈Γ
(
γU
)
has full measure in tM , where U is a small neighbourhood around m0.
Therefore, µM [tM − {B
Γ
1 (r) · B
tM
m0 (r)}]→ 0 as r →∞ and t→∞. 
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Proposition 4.2. Let us consider the mapMγ :
(
X˜ t,r, νt,r
)
→
(
Mγ(X˜
t,r), νt,r−‖γ‖
)
, where t > t(r) and r >> ‖γ‖ . Then, dP
(
M∗γ
(
νt,r
)
, νt,r−‖γ‖
)
→ 0 as r → ∞
and t→∞, where dP denotes the Prokhorov distance between two measures.
Proof. We fix γ ∈ BΓ1 (r) and consider the Borel set F
t,r(P, E) as described before.
We define X t,rγ,λ = {Ψ ∈ X
t,r | Ψ(γ−1m0) = λΨ(m0)} for all λ ∈ B
Λ
1 (K‖γ‖ +
C). We can write F t,r(P, E) as disjoint union of the sets F t,rγ,λ(P, E) := X
t,r
γ,λ ∩
F t,r(P, E), where λ ∈ BΛ1 (K‖γ‖+ C). We observe that
M−1γ [F
t,r
γ,λ(P
γ′,I , Eγ
′,I)] = F t,rγ,λ(γ · P
γ′,I , λ · Eγ
′,I),
where γ · Pγ
′,I is the push-forward of the partition Pγ
′,I on {γγ′} × CtMm0 (r)
and λ · Eγ
′,I is the set obtained by taking the natural action of λ on Eγ
′,I =
Πkj=1Πλ′∈BΛ1 (Kr+C){λ} × E
γ′,I
j,λ′ . We obtain that
M−1γ [F
t,r(P, E)] = ∪λ∈BΛ1 (K‖γ‖+C) ∪γ′∈BΓ1 (r),I∈Q F
t,r
γ,λ(γ · P
γ′,I , λ · Eγ
′,I)
Now, we have
∣∣[M∗γνt,r − νt,r−‖γ‖](F t,r(P, E))∣∣
which is equal to the following expression:
∣∣∪λ∈BΛ
1
(K‖γ‖+C)[
∑
γ′∈BΓ
1
(r),I∈Q
K(γ·Pγ
′,I)
∫
λ·Eγ
′,I
exp[−W(γ·Pγ
′,I ,u)]dµN (u)−
∑
γ′∈BΓ
1
(r−‖γ‖),I∈Q
K(Pγ
′ ,I)
∫
Eγ
′,I
exp[−W(Pγ
′,I ,u)]dµN (u)]
∣∣
Since µM is invariant under the action of Γ, both the denominators in the
expressions 4.3 and 4.4 are invariant under Γ-action. On the other hand, since
Λ acts isometrically and measure preserving way on N t, the numerator of 4.4
and the expression in 4.5 are invariant under Λ-action. Therefore, we obtain that∣∣[M∗γ νt,r − νt,r−‖γ‖](F t,r(P, E))∣∣ is equal to∑
λ∈BΛ1 (K‖γ‖+C)
∑
γ′∈T,I∈Q
∫
λ·Eγ′,I
Πk1q1=1 · · ·Π
km
qm (1/π
k)[µM(S
γ′,I(q1, · · · , qm))]
−1/2
exp[
(
∆1 · · ·∆mu(x
1
q1
, · · · , xmqm)
)2(
µM(S
γ′,I(q1, · · · , qm))
)−1
]dµN(u)
where T = [γ · BΓ1 (r)\B
Γ
1 (r − ‖γ‖)]. Because of Lemma 4.1, we have µM [tM −
{BΓ1 (r) · B
tM
m0 (r)}] → 0 as r → ∞ and t → ∞, which implies that µM(T ×
BtMm0 (r)) → 0 as r → ∞ and t → ∞. We consider large t and r such that each
of the integrands of the above expression is less than ǫ. Therefore,
∣∣[M∗γ νt,r −
νt,r−‖γ‖]
(
F t,r(P, E)
)∣∣ is less than equal to∑
λ∈BΛ1 (K‖γ‖+C)
∑
γ′∈T,I∈Q
µN
(
λ · Eγ
′,I
)
ǫ =
∑
λ∈BΛ1 (K‖γ‖+C)
∑
γ′∈T,I∈Q
µN
(
Eγ
′,I
)
ǫ
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Since u is a quasi-isometry (more particularly, it is a quasi-isometric embedding)
, we can consider choose t faster than r such that the above expression goes to
zero as r →∞ and t→∞. Hence, we have our proposition. 
4.2. Construction of a Γ-invariant probability measure on X∞. In this
section, we construct a Γ-invariant probability measure ν on X∞. The idea of
the construction of this measure uses the concept of Gromov’s 1-convergence
for metric-measure spaces ([Gr99] p. 118) or Gromov-Hausdorff-Prokhorov con-
vergence . The proposition can be compared to Proposition 4.4 in [Da18].
Proposition 4.3. Let {(X tn , δtn)}n∈N be a sequence of compact metric spaces
which converges to (X∞, δ∞) in Gromov-Hausdorff topology (as obtained in Propo-
sition 3.3). Suppose Γ acts equicontinuously on the family of metric spaces
{X tn}n∈N ∪ {X
∞}. Let fn : X
tn → X be ξn-isometries obtained from Gromov-
Hausdorff convergence and satisfying the following property :
supx∈Xtn δ
tn
(
γ · fn(x), fn(γ · x)
)
< ξn
for all γ ∈ BΓ1 (r), where ξn → 0 as n → ∞. We give a Γ-invariant probability
measure νtn on each X tn. Then, there exists a Γ-invariant probability measure ν
on X.
We prove Proposition 4.3 at the end of this subsection. We prove this propo-
sition by taking the weak* limit of the pushward measure of νtn on X∞ by a se-
quence of suitable ‘ξn-isometry’ from X
tn to X∞ (possibly after passing through
a subsequence), where ξn → 0 as n→∞.
Proof of Proposition 4.3:
By Proposition 3.7, we obtain a subsequence {tk}k∈N and ξk-isometries fk :
X tk → X for all k ∈ N such that supx∈Xtk δ
tk
(
Mγfk(x), fk(Mγx)
)
≤ ξk for all
γ ∈ BΓ1 (k), where ξk → 0 as k → ∞. For our convenience, we take ν
tk as the
measure on X tk constructed in the previous section. For all k ∈ N, we define
ν˜k := f
∗
k (ν
tk), the pushforward measure of νtk on X by fk . We consider the
space of all probability measures on X with weak* topology, which we denote
by P(X). By Banach-Alaoglu theorem, P(X) is compact in weak* topology.
Therefore, there exists a subsequence of {ν˜k}
∞
k=1 which converges to a probability
measure, say ν, on X∞. Without loss of generality, we denote the subsequence
by the same notation {ν˜k}
∞
k=1. We will prove that ν is Γ-invariant.
It is a known fact from ([Gr99] p. 116, [DV03] p. 398) that the weak* topology
on P(X) is metrizable and the metric is given by the following Prokhorov metric:
dXP (ν
′, ν) := inf{η > 0|ν ′(A) ≤ ν(Aη) + η and ν(A) ≤ ν ′(Aη) + η}, where Aη is
the η-neighborhood of A. Since the σ-algebra of X is generated by the countable
number of clopen subsets of X , it suffices to proveMγν(A) = ν(A) for all clopen
subsets A of X . We fix a clopen subset A of X and γ ∈ Γ. There exists k0 ∈ N
such that g ∈ BΓ1 (k) for all k ≥ k0. Since A is a clopen set, A
η = A for sufficiently
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small η. Now, from the definition of Mγν and ν, we get
(4.6) (Mγν)(A) = ν(γ
−1 · A) = lim
k→∞
ν˜k
(
γ−1 · A
)
= lim
k→∞
νtk
(
f−1k ([γ
−1 · A])
)
.
Now, using Corollary 3.10, we have
(4.7) f−1k (γ
−1 · A) ⊆ [γ−1 · f−1k (A)]
2 ξk
By Lemma 3.8, corresponding to each number 2ξk, we obtain a positive number
δk tending to zero as k →∞ such that
(4.8) Mγ[γ
−1 · f−1k (A)]
2 ξk ⊆ [f−1k (A)]
δk
Since νtk is Γ-invariant we have
(4.9) νtk
(
[γ−1 · f−1k (A)]
2 ξk
)
= νtk
(
Mγ[γ
−1 · f−1k (A)]
2 ξk
)
Using the fact that fk is a ξk-isometry, we obtain that
(4.10) [f−1k (A)]
δk ⊆ f−1k (A
δ′
k),
where δ′k := ξk + δk for all k ∈ N. Now, using the above set-containments and
equations (4.3), (4.4), (4.5), (4.6) and (4.7), we obtain that
νtk
(
f−1k (γ
−1 · A)
)
≤ νtk
(
f−1k (A
δ′
k)
)
.
Finally, using equation (4.2), we get
(Mγν)(A) = lim
k→∞
νtk
(
f−1k (γ
−1 · A)
)
≤ lim
k→∞
νtk
(
f−1k (A
δ′
k)
)
= ν(A).
Applying the same argument for γ−1 and A, we obtain our proposition, i.e.,
(Mγν)(A) = ν(A) for γ ∈ Γ and for all Borel subsets A in X . 
5. Proof of the main theorem 1.2:
Step 1:
Let Z = ΛX∞. We define Γ action on Z by taking Γ action X∞ as defined
before and extending the action on Z using the criterion that Γ and Λ commute.
On the other hand, we define Λ-action on Z by taking trivial action on X∞ and
extending the action on Z by taking left-multiplication on itself. It is easy to
verify that XΛ := X
∞ is a compact-open fundamental domain for the action of
Λ.
Step 2: Now, we will construct a compact-open fundamental domain XΓ of Γ.
We will follow the construction given in [Sh04] (Theorem 2.1.2, p 131). Firstly,
we assume that the given family of (K,C)-QI Φt : M t → N t are injective for
all t ∈ [0,∞). Moreover, we construct the spaces X t and X∞ by considering
injective quasi-isometries. We define Eλ := {Ψ ∈ Z : Ψ(1Γ, 0) = (λ, 0)} and
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Kλ := ΓEλ = {Ψ ∈ Z : Ψ(γ, 0) = (λ, 0) for some λ}. Now, we enumerate the
elements of Λ by λ0 = 1Λ, λ1, λ2, . . . and define
XΓ := E1Λ ∪
∞
i=1
(
Eλi ∩K
c
λi−1
∩ . . . ∩Kc1λ
)
.
Since E1Λ = XΛ, we have XΛ ⊂ XΓ. We apply the same argument as given in
[Sh04] (Theorem 2.1.2, p 131) for the proof of the fact that XΓ is a compact-open
fundamenatal domain of Γ in Z.
In other situation, we can replace Λ by Λ × F and Λ × Rn by Λ × F × Rn,
where F is a finite group. Therefore, we can construct the ‘coupling spaces’ X t
and X∞ by considering injective quasi-isometries.
Step 3: We give the Γ-invariant probability measure ν on X∞ as constructed
in Subsection 4.2 (Proposition 4.3) and extend this measure on Z by translating
ν by the action of Λ. We denote the extended measure by the same symbol ν.
Therefore, we obtain a Γ and Λ-invariant measure ν on Z.
Step 4: Now, it remains to show that γ-translate of XΛ can be covered by
finitely many Λ-translates of XΓ for γ ∈ Γ and λ-translate of XΓ can be covered
by finitely many Γ-translates of XΛ for λ ∈ Λ. This easily follows from the fact
that XΛ and XΓ are compact-open in Z.
By Lemma A.1 in [BFS13] (p. 41), the composition of two UME’s is a UME.
Since Λ× F and Λ are commensurable, therefore there is a UME between Γ and
Λ.
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